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The time evolution of even and odd squeezed states, as well as that of squeezed
number states, has been given in simple, analytic form. This follows experimen-
tal work on trapped ions which has demonstrated even and odd coherent states,
number states, and squeezed (but not displaced) ground states. We review this
situation and consider the extension to even and odd squeezed number states.
Questions of uncertainty relations are also discussed.
In 1926, looking for quantum states which could follow the classical mo-
tion, Schro¨dinger discovered what we now call “coherent states” (CS). He
did this before Heisenberg discovered his uncertainty relation (HUR). Even
so, Schro¨dinger’s logic most closely followed that of the minimum-uncertainty
(MU) method for obtaining CS we discuss below. Having the work of Schro¨-
dinger and Heisenberg as a background, Kennard discovered what we now call
“squeezed states” (SS) in 1927.1
A few years later, Schro¨dinger synthesized these concepts in devising his
own uncertainty relation (SUR).2 Starting from two non-commuting operators,
[X,P ] = iG, Schro¨dinger showed that the uncertainty product satisfies
(∆X)2(∆P )2 ≥ |〈[X,P ]/2 + {X¯, P¯}/2〉|2 ≥ 〈G〉2/4. (1)
The first inequality is derived from the Schwartz inequality. It holds if
X¯|ψ〉 ≡ (X − 〈X〉)|ψ〉 = λ(P − 〈P 〉)|ψ〉, (2)
and is the SUR. The states which satisfy this, for the harmonic oscillator
(HO), where X = x and P = p, are the squeezed-state Gaussians. The second
inequality holds, yielding the HUR, when the expectation value of the anti-
commutator is zero: 0 = 〈12{X¯, P¯}〉. For the HO, this means the width of the
Gaussians are that of the ground state, and one has the CS.
The above is the minimum-uncertainty (MU) method. But by comparing
Eq. (2) with the defining equations for ladder-operator (LO) CS, a|α〉 = α|α〉,
and SS, [µa− νa†]|α, z〉 = β(α, z)|α, z〉, one sees that they are equivalent.
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The displacement-operator (DO) CS and SS, are defined as |α〉 = D(α)|0〉,
where D(α) = exp[αa† − α∗a], and |α, z〉 = D(α)S(z)|0〉, where S(z) =
exp[ 12za
†a† − 12z
∗aa], respectively. That they are equivalent to the MU and
LO states follows from the commutators of a with D and S.
All these methods have been extended to many potential and group sym-
metry systems. We are concerned with generalizations to other states in the
HO potential, because they are now being studied using ions in a trap.
Before continuing, I want to emphasize two meanings of CS and SS that are
in use. To a mathematical physicist, it is the precise mathematical definitions
I have used and their generalizations to other systems. They specifically search
for wave packets that best follow the classical motion and maintain their shapes
(CS) and wave packets that best follow the classical motion while having the
uncertainty oscillate between the X and P operators (SS). An experimentalist
is interested in states which have these properties, precisely or not. If the
uncertainties are oscillating between the quadratures, there is a squeezing. It
is fair enough for him to call these “squeezed states.”
Now consider the even and odd (EO) coherent3 and squeezed4 states. They
can be obtained, from the MU and LO points of view, as the solutions to
equations of the forms
aa|α〉± = α
2|α〉±, [µaa− νa
†a†]|α, z〉± = β(α, z)|α, z〉±. (3)
Even starting from the Fock representation, the solution of Eq. (3a) leads to
wave functions that are parity even and odd reflected sums of two displaced
ground-state Gaussians. The wave function solutions to Eq. (3b) are, on the
face of it, complicated confluent hypergeometric functions.
From the DO point of view, one can mathematically create the above
EOCS by applying D±|0〉 ≡ N±[D(α) ±D(−α)]|0〉 = |α〉± where D(α) is the
ordinary displacement operator. But even forgetting that one has to put the
normalization in by hand, there is, in principle, a mathematical problem. The
“displacement operator” D±(α) is NOT unitary, D
†
±(α)D±(α) 6= 1.
Coming to the DO EOSS, there is another problem. For the ordinary
squeezed states, the squeeze operator S(z) = exp[(za†a† − z∗aa)/2] changes
S†aS into a combination of a and a†. But there is no squeeze operator Sˆ that
changes aa into a sum of aa and a†a†.
Even so, one can blindly proceed, and ask for the form of D±(α)S(z)|0〉.
One obtains even and odd parity squeezed Gaussians. Then applying the
harmonic-oscillator time evolution operator, T (t) = exp[−it(a†a + 1/2)], this
leads to analytic wave functions and analytic probability densities. Taking, for
simplicity, z = reiφ to be real, the densities are
ρs±(x, t) = N±(t)
{
cosh
[
2xx0(cos t)/d
2
]
± cos
[
2xx0(sin t)/(d
2s2)
]}
, (4)
2
where ln s = r sgn(r) and d2 = s2 cos2 t + sin2 t/s2. Elsewhere,4 graphs are
given of the time evolution of such wave packets, showing the even and odd
interference patterns near the origin and the evolutions of the squeezing.
These same techniques were then used to analyze the time evolution of
squeezed number states: T (t)D(α)S(z)|n〉.5 The wave functions are similar to
ordinary squeezed states, except they are multiplied by a Hermite polynomial
Hn(Y ), where Y is a squeezed and displaced, time-evolving position. In par-
ticular, three dimensional-plots of the the probability density for the n = 1
case, ρs(1)(x, t), show the time-evolution for various squeezings.
5 The figures
are similar to those showing the time-evolution of squeezed states. But the
center of the packet has not one but two humps.
To calculate the time-evolution of squeezed even and odd number states,
one can combine all the above techniques. In particular, one wants to find
T (t)D±(α)S(z)|n〉 → Ψs(n)±(x, t) and ρs(n)±(x, t) = Ψ
∗
s(n)±(x, t)Ψs(n)±(x, t).
This program is now underway. The results will combine the previous two
findings. There will be even and odd interferences when the two sides of
the wave packet come together at the origin, but there will be the added
complication of each half of the wave packet having n+ 1 humps, instead one
one.
There is hope that all the states discussed here can be observed. This
hope is based on the recent work of Wineland’s group with trapped Be+ ions.6
By entangling the electronic and motional states they produced even and odd
coherent (displaced) states. They also have been able to produce number
states and squeezed (but not displaced) ground states. If all these techniques
can be combined then in principle even and odd squeezed states, displaced
and squeezed number states, and perhaps even even and odd squeezed number
states could be produced. However, to do so will be a real accomplishment.
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